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Abstract
We give a detailed presentation of a °exible method for con-
structing explicit expressions of irrotational and incompress-
ible °uid °ows around two rigid circular moving discs. We
also discuss how such expressions can be used to compute the
°uid-induced forces and torques on the discs in terms of Killing
drives. Conformal mapping techniques are used to identify a
meromorphic function on an annular region in C with a °ow
around two circular discs by a MÄ obius transformation. First
order poles in the annular region correspond to vortices out-
side of the two discs. In°ows are incorporated by putting a
second order pole at the point in the annulus that corresponds
to in¯nity.
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1 Introduction
The ability to model the hydrodynamical interaction between rigid
bodies immersed in a °uid is important in many engineering and
physics problems. The most direct method of attack is to solve the
coupled Navier-Stokes and rigid body system of equations for the in-
stantaneous con¯gurations of the °uid and bodies. This is, in general,
a highly non-trivial exercise and often impossible without recourse to
intensive computational °uid dynamics. If the characteristic Reynolds
number associated with the °uid and body system is su±ciently high
then, depending on the physical scenario, it may be reasonable to
neglect °uid viscosity and adopt potential theory. Engineering prob-
lems that involve interacting rigid objects whose separation wakes can
be neglected [20] and, for example, the astrophysical interaction of
magnetic °ux tubes in stars [5] are all amenable to potential theory.
If vorticity is an important ingredient in the physical picture, e.g.
consider a set of interacting marine risers undergoing vortex-induced
vibration in the subcritical Reynolds number range, then irrotational
(instead of potential) °ows are more applicable. In such situations
there is no single-valued velocity potential on the entire °ow region.
Irrotational °ow theory is the basis of discrete vortex models (see, for
example, [16, 7] and [15] for a review) of vortex-induced vibration of
a circular disc in unbounded 2-dimensional °ow. In such methods the
wake behind the disc is represented by a dynamical set of point sin-
gularities (so-called point vortices [2, 12]) in the °uid velocity. The
instantaneous °ow velocity ¯eld is determined by the position and
strength of each vortex and the position and velocity of the circular
disc using Milne-Thomson's circle theorem [12]. The °uid velocity
is used to calculate the °uid pressure and leads to the °uid-induced
force on the disc. The vorticies are convected with the °ow, and so
are in°uenced by the positions and strengths of the other vorticies
and the position and velocity of the disc. The crucial consequences ofHydrodynamic forces on two moving discs 155
non-zero viscosity, i.e. the generation and dissipation of vorticity, are
put into the model using boundary-layer methods [17, 21] and heuris-
tics [16, 7]. Although such models are quite crude in comparison with
detailed numerical simulations involving the Navier-Stokes equations
their predictions are acceptable [16, 14, 7] if the heuristics are carefully
tuned.
The model discussed in [16, 7] can be generalized to discs of non-
circular cross-section using conformal mapping techniques. The non-
circularity of the disc means that a non-trivial °uid torque, as well as
a force, will be applied to it. An application to the coupled motion
of a cable and an adhered rain rivulet induced by light wind and
rain conditions on a cable-stayed bridge is given in [6]. To apply the
discrete vortex method to the vortex-induced vibration of more than
one object in an unbounded region, e.g. a set of interacting marine
risers, is a more complicated venture. As a prototype model of this
problem we consider in this article arbitrary irrotational °ows outside
two circular moving discs. In principle the method can be adapted
to accommodate discs with more general cross-sections by using a
di®erent conformal map from the MÄ obius map used here.
The earliest discussions of potential °ows around two discs are
due to Hicks [10], Greenhill [8] and Bassett [3]. Hicks' motivation
was to analyse the motion of a cylindrical pendulum inside another
cylinder ¯lled with °uid. Yamamoto [20] used Milne-Thomson's circle
theorem in an iterative scheme that yields potential °ow due to an
in°ow around any number of discs but did not discuss the e®ects
of point vorticies. Probably the most common method of analysing
potential °ow around two discs is via bipolar coordinates [13] as used
in, for example, [3, 5, 9]. Once the °uid velocity has been constructed
the force and torque on a body is obtained by pressure integrals [2,
11, 7] and an appeal to the Euler equations. An alternative method
of obtaining the force and torque, where again an explicit expression
for the °uid velocity is required, is Thomson and Tait's variational156 D.A. Burton, J. Gratus, R.W. Tucker
approach [11] used in, for example, [5, 18]. This method relies on
the °uid kinetic energy being bounded, which is not true if the °ow
contains point vorticies.
Our proposed method for the calculation of arbitrary irrotational
°ows around two circular discs is more °exible than those given before.
The approach is to construct the complex velocity due to an in°ow and
a set of point vortices using doubly-periodic (elliptic) functions repre-
sented in terms of the ¯rst Jacobi theta function µ1 and its derivatives.
The power of the method is in the freedom to choose the representation
of µ1 and thus optimize the calculation for either numerical or analyt-
ical purposes. We begin by constructing °ows around two stationary
discs and then generalize the results to the moving scenario.
2 Background
Many tensors and maps in this article are to be regarded implicitly as
one-parameter families with universal time t as the parameter. The
coordinate components, with respect to any chart, of such objects are
smooth with respect to t. We denote the partial t-derivative of such a
tensor T by @tT. For example, if ® is a such a di®erential 1-form
® = ®a(x;t)dx
a; (1)
@t® ´
@®a
@t
(x;t)dx
a (2)
with respect to a chart fxag. The semicolon is a reminder that t has
a special status and is not to be regarded as a coordinate. Let c be a
t-dependent p-chain on a di®erential manifold M,
c : [0;1]
p ! M
(»;t) ! x
a = c
a(»;t);
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where » ´ (»1;»2;:::;»p). The velocity of c, denoted by _ c, is the vector
¯eld (attached to c)
_ c ´
@ca
@t
(»;t)
@
@xa: (4)
If a di®erential manifold M possesses a metric g 2 T0
2M then the
metric dual ~ X of a vector ¯eld X 2 ¡TM is the di®erential 1-form
~ X ´ g(X;¡) 2 ¡T ¤M. Similarly, the metric dual ~ ® 2 ¡TM of a
di®erential 1-form ® 2 ¡T ¤M is the vector ¯eld Y 2 ¡TM such that
~ Y = ®. Note that ~ ~ Y = Y . The symbol F(M) denotes the space of
scalar functions on M and ¤pM denotes the bundle of di®erential p-
forms on M. The Lie derivative of the tensor T 2 ¡Tp
qM with respect
to the vector ¯eld X is denoted by LXT.
2.1 Killing drive on a lamina
Let M be a 2-dimensional °at Riemannian manifold with metric g,
Hodge map ? and Levi-Civita connection r. Let V 2 ¡TM be the
Eulerian velocity vector ¯eld of an inviscid, incompressible and irrota-
tional Newtonian °uid °ow on M. Thus V is a solution of the Euler
equations
@t~ V + rV ~ V = ¡dp; (5)
d ? ~ V = 0; (6)
where p 2 F(M) is the °uid pressure and
d~ V = 0: (7)
The topology of M is non-trivial in order to accommodate the presence
of rigid bodies and point vorticies (point singularities in the °uid °ow).
We require that the topology of M is such that there exists a global
chart fx;yg on M with respect to which the metric has the form
g = dx ­ dx + dy ­ dy: (8)158 D.A. Burton, J. Gratus, R.W. Tucker
Such a chart will be called cartesian.
The Poincar¶ e lemma [1] allows us to solve (7) on some open set
N ½ M in terms of a velocity potential ' 2 F(N),
~ V = d': (9)
The circulation ¡V[°] of V around a closed curve ° on M is
¡V[°] ´
Z
°
~ V : (10)
If there exists a potential for V on all of M, i.e. ¡V[°] = 0 for all
°, then the °uid °ow is called potential. 2-dimensional °uid °ows
with immersed rigid bodies may, and with point vorticies certainly,
possess circulation. For such V there exists a closed curve ° such that
¡V[°] 6= 0.
Let C : ¸ 2 [0;1] ! M be a closed 1-chain representing the
boundary of a compact body (a lamina) in R2 at time t. Let _ C be the
velocity of C, i.e. the vector ¯eld
_ C ´ @tC
a(¸;t)
@
@xa (11)
attached to C on M. The functions xa = Ca(¸;t) are the components
of C (at time t) with respect to a chart on M with coordinates fxag.
The Eulerian velocity of C is a vector ¯eld UC 2 ¡TM such that
UC
¯
¯
C= _ C: (12)
The choice of UC is clearly non-unique. However, it can be shown that
for any solution to (12)
@t(C
¤®) = C
¤¡
@t® + LUC®
¢
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for any di®erential form ® on M. If the lamina boundary C is rigid
then
C
¤¡
LUCg
¢
= 0: (14)
Equations (6) and (7) are solved subject to the no-through-°ow bound-
ary condition on C,
g(V;NC) = g(UC;NC); (15)
where NC is normal to C or, equivalently,
C
¤ ? (~ V ¡ ~ UC) = 0: (16)
The °uid pressure p is used to construct the Killing drive FK[C] of K
on C,
FK[C] = ¡
Z
C
p ? ~ K; (17)
where K is a Killing vector of g
LKg = 0: (18)
Equation (17) is a uni¯ed expression for the °uid force and torque on
C (see [7] for further discussion). The topology of M is such that
globally
? ~ K = d³K (19)
where the scalar ³K 2 F(M) is called a Killing potential of K. This
follows by noting that with respect to a cartesian chart fx;yg (see
equation (8)) any K on M can be written
K = a
@
@x
+ b
@
@y
+ c
µ
x
@
@y
¡ y
@
@x
¶
; (20)
da = db = dc = 0 (21)160 D.A. Burton, J. Gratus, R.W. Tucker
where a;b;c 2 F(M) are t-dependent constants. Any associated po-
tential ³K is then of the form
³K = ay ¡ bx ¡ c
1
2
(x
2 + y
2) + f; (22)
df = 0 (23)
where f 2 F(M) is a t-dependent constant. Therefore, equation (17)
can be written
FK[C] =
Z
C
³Kdp (24)
since @C = 0. Using (5), (6), (7), (13), (16), @C = 0 and
LV ~ V = rV ~ V +
1
2
d[g(V;V )]; (25)
to manipulate (24) one obtains
FK[C] = ¡
d
dt
Z
C
³K ~ V +
Z
C
@t³K ~ V +
Z
C
µ
1
2
g(V;V )? ~ K ¡g(V;K)? ~ V
¶
(26)
in terms of the Killing potential ³K and V . Once V has been de-
termined and ³K chosen the Killing drive FK[C] on each C can be
calculated using (26). An example is given in reference [7] where the
force on an isolated circular disc due to a set of point vortices is dis-
cussed. Useful Killing potentials adapted to C are shown in table 1.
2.2 Complexi¯cation of R2
As before, let fx;yg be the components of a cartesian chart on M, i.e.
g = dx ­ dx + dy ­ dy: (27)Hydrodynamic forces on two moving discs 161
Table 1: Useful Killing potentials adapted to C and their associated Killing
drives on C. The point (x0;y0) 2 R2 is ¯xed in the lamina bounded by C
and is t-dependent.
Killing potential ³K Killing drive FK[C]
¡y + y0 x-component of °uid force on C
x ¡ x0 y-component of °uid force on C
¡[(x ¡ x0)2 + (y ¡ y0)2]=2 °uid torque about (x0;y0) on C
globally, and introduce the complexi¯cation of R2 given by z = x+iy.
The complex conjugate of an expression f containing z is denoted ¹ f.
We de¯ne the complex conjugate fy of a function f : C ! C to be
f
y(z) ´ f(¹ z) (28)
The Hodge map ? is a linear automorphism on the vector space of
1-forms on 2-dimensional manifolds. The operator P
P ´
1
2
(1 ¡ i?) (29)
satis¯es P 2 = P on sections of ¤1M. It follows that
Pdz = dz; (30)
Pd¹ z = 0: (31)
For simplicity, we will use the same symbol for real manifolds and
their complexi¯cations.162 D.A. Burton, J. Gratus, R.W. Tucker
2.3 Fluid velocities and potentials
Using equations (6), (7) and (29) we see that
dP ~ V = 0 (32)
and since
~ V =
1
2
¡
¹ vdz + vd¹ z
¢
(33)
where
v ´ dz(V ) (34)
it follows from (32) that
dº = 0 (35)
where º = ¹ vdz is called the complex velocity 1-form.
Equation (35) indicates that the component ¹ v (called the complex
velocity) of º with respect to z does not contain ¹ z.
Using the Poincar¶ e lemma [1] to solve (35) we obtain the local
expression
º = dW (36)
on some open subset N of M. The scalar W 2 F(N) is a holomorphic
function known as a complex potential (for º). The velocity vector ¯eld
V is
V = ] <(º): (37)
2.4 No-through-°ow boundary condition on a sta-
tionary boundary
Let C be a closed curve on M that represents a physical solid bound-
ary. The no-through-°ow boundary condition on V for a stationary C
is
C
¤ ? ~ V = 0 (38)Hydrodynamic forces on two moving discs 163
which can also be written
=
¡
C
¤P ~ V
¢
= 0 (39)
or
=
¡
C
¤º
¢
= =
¡
C
¤dW)
= d[C
¤=(W)]
= 0:
(40)
Thus, another way of expressing the no-through-°ow condition on a
stationary boundary is that =(W) is constant on the image of C.
2.5 Construction of °ows by conformal techniques
Let WV 2 F(V), V ½ C be a complex potential that satis¯es the no-
through-°ow boundary condition on a stationary B ½ V. Then, given
a di®eomorphism (a conformal map) ' : U ½ C ! V one obtains a
complex potential WU = '¤WV on U that satis¯es the no-through-°ow
boundary condition on '¡1(B). For a traditional introduction to the
application of conformal techniques to °uid dynamics see [12].
2.6 Elliptic functions
A holomorphic function f that satis¯es
f(z + 2!1) = f(z); (41)
f(z + 2!2) = f(z) (42)
where !1;!2 2 C, !1=!2 = 2 R, for each z at which f(z) exists is
called doubly-periodic [19]. A doubly-periodic function that is analytic
except at isolated singularities is said to be elliptic [19]. A cell of an
elliptic function f is a parallelogram Cz = fz + 2!1¸ + 2!2¹;0 · ¸ <164 D.A. Burton, J. Gratus, R.W. Tucker
1;0 · ¹ < 1g in C where z is chosen such that no poles of f lie
on the boundary of Cz. From the Liouville theorem [19], any elliptic
function is completely speci¯ed (up to a constant) by the locations
and coe±cients of its poles within any cell. Let f have n poles located
at f¯1;:::;¯ng with orders fm1;:::;mng respectively. If the principle
part fr of f at ¯r, r 2 f1;:::;ng, is
fr(z) =
mr X
m=1
Ar;m(z ¡ ¯r)
¡m (43)
and =(!2=!1) > 0 then f can be represented1
f(z) = A0 +
n X
r=1
mr X
m=1
(¡1)m¡1Ar;m
(m ¡ 1)!
dm
dzm logµ1
µ
¼z ¡ ¼¯r
2!1
¯
¯
¯
¯
!2
!1
¶
(44)
where µ1(zj¿) ´ µ1(z;ei¼¿),
µ1(z;q) ´ 2
1 X
n=0
(¡1)
nq
(n+1)2
sin
£
(2n + 1)z
¤
with jqj < 1; (45)
is the ¯rst Jacobi theta function. Its properties are discussed compre-
hensively in chapter 21 of [19]. It can be shown that the residues of
any elliptic function within the boundary of any cell must sum to zero
[19]. Thus, the coe±cients fAr;1g cannot be chosen arbitrarily and
must satisfy
n X
r=1
Ar;1 = 0: (46)
1Theta functions are not the only way to represent elliptic functions. See ref-
erence [19] for other choices.Hydrodynamic forces on two moving discs 165
3 Irrotational °uid °ow on an annulus
3.1 Doubly-periodic °ows
Let f : C ! C be an elliptic function where
f(z + 2¼i) = f(z); (47)
f(z ¡ 2!) = f(z) (48)
and ! 2 R, ! > 0 i.e. choose !1 = 2¼i and !2 = ¡! in (41) and (42).
The choice of sign of !2 ensures that =(!2=!1) > 0. Let v : C ! C be
the complex velocity on C given by
¹ v = v
y(z) = f(z) ¡ f
y(¡z): (49)
Theorem 1. The function vy satis¯es the no-through-°ow condition
on fn! + iy;n 2 Z;y 2 Rg.
Proof. We express the no-through-°ow condition as <[vy(z0)] = 0 8
z0 2 fn!+iy;n 2 Z;y 2 Rg. The cases of even and odd n are handled
separately.
Even n :
v
y(iy) = f(iy) ¡ f
y(¡iy)
= 2i=[f(iy)];
(50)
using (49), and hence <[vy(iy)] = 0. Appealing to (48) we ¯nd that
<[vy(n! + iy)] = 0.
Odd n :
v
y(! + iy) = f(! + iy) ¡ f
y(¡! ¡ iy)
= f(! + iy) ¡ f
y(! ¡ iy)
= 2i=[f(! + iy)];
(51)
using (49) and (48).Thus <[vy(! + iy)] = 0 and appealing to (48) we
conclude that <[vy(n! + iy)] = 0.166 D.A. Burton, J. Gratus, R.W. Tucker
A complex potential WC for v
y
C (vy restricted to the cell C ´ C0 =
f¡2!¸ + 2¼¹;0 · ¸ < 1;0 · ¹ < 1g) is
WC(z) = F(z) + F
y(¡z) (52)
where the ¯rst derivative of F,
F(z) = A0z +
n X
r=1
mr¡1 X
m=0
(¡1)mAr;m+1
m!
dm
dzm logµ1
µ
z ¡ ¯r
2i
¯
¯
¯
¯
i!
2¼
¶
; (53)
with respect to z is the elliptic function f in (44) with !1 = 2¼i and
!2 = ¡!.
3.2 Construction of °ows on an annulus
Let exp be the exponential map
exp : C ! A ½ C
z ! ^ z = e
z (54)
restricted to the cell C. Half of the image of exp is the annulus A ´
freiµ;e¡! · r < 1;0 · µ < 2¼ig (see ¯gure 1). Using WC one can form
the complex potential WA = log
¤ WC on A where log is the inverse of
exp.
4 Irrotational °uid °ow around two discs
4.1 MÄ obius transformation
Let D1 be the open unit disc in C centred at 0 2 C. Let D2 be another
open disc in C where D1 \ D2 = ?. Let E denote the region outside
of the discs, i.e. E ´ C(D1 [ D2).Hydrodynamic forces on two moving discs 167
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s A is the exponential of half of the cell C (the
shaded region), which itself is mapped by © into the region E outside
of two open discs D1 and D2. The jagged lines at the top and bottom
of C are identi¯ed to give the jagged line in A. The arrows show how
the boundary bA of A, the boundary bE of E and the other two edges
of C are identi¯ed. The left-hand (dotted) edge of C is mapped to a
circle inside the inner edge of A and then to a circle in D2.168 D.A. Burton, J. Gratus, R.W. Tucker
Theorem 2. The MÄ obius map ©
© : A ! E
z ! ^ z =
z1z ¡ 1
z ¡ z1
(55)
where z1 2 A, <(z1) > 0, =(z1) = 0, takes the outer edge of A (a
unit disc) to the boundary of D1. The orientation of a closed curve C
on the outer edge of A is opposite to that of © ± C.
Proof. The unit disc in A is mapped to the unit disc in E:
Introduce c = 1=z1. Since
j©(z)j
2 =
z ¡ c
cz ¡ 1
¹ z ¡ c
c¹ z ¡ 1
=
z¹ z ¡ c(z + ¹ z) + c2
c2z¹ z ¡ c(z + ¹ z) + 1
(56)
we see that j©
¡
eiµ¢
j=1 where µ 2 R.
The outer edge of A and the boundary of D1 have opposite orien-
tations :
Their relative orientations are opposite if
1
i
d
dµ
log©
¡
e
iµ¢
< 0: (57)
The ¯rst derivative of © is
©
0(z) =
c2 ¡ 1
(cz ¡ 1)2 (58)
and so
©0(z)
©(z)
=
c2 ¡ 1
cz ¡ 1
1
z ¡ c
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from which it follows
1
i
d
dµ
log©
¡
e
iµ¢
= e
iµ©0¡
eiµ¢
©(eiµ¢
=
1 ¡ c2
jceiµ ¡ 1j2 < 0
(60)
since c = 1=z1 > 1.
The boundary bD2 of the second disc D2 is the image of the inner
edge of A.
It is straightforward to show that the inverse of © is the MÄ obius
map
©
¡1(^ z) =
z1^ z ¡ 1
^ z ¡ z1
: (61)
4.2 Location of the second disc
Let the radius of the second disc be R, and its centre be at X 2 C.
Thus
j©(z0) ¡ Xj
2 = R
2 (62)
at z0 2 f½eiµ;0 · µ < 2¼g, ½ ´ e¡!. Motivated by the choice =(z1) =
0 made earlier we will assume that =(X) = 0. Substituting (55) into
(62) and evaluating the result at z0 = ½eiµ we ¯nd that
(1¡cX)
2½
2+2(X¡c)(1¡cX)cosµ+(X¡c)
2 = R
2(c
2½
2¡2ccosµ+1):
(63)
Since this must be true for all µ we obtain
(1 ¡ cX)
2½
2 + (X ¡ c)
2 = R
2(1 + c
2½
2); (64)
(X ¡ c)(1 ¡ cX) = ¡cR
2: (65)170 D.A. Burton, J. Gratus, R.W. Tucker
Equations (64) and (65) can be solved to yield ½ and c as functions of
R and X,
c =
1
2X
£
(1 + X
2 ¡ R
2) +
p
(1 + X2 ¡ R2)2 ¡ 4X2¤
; (66)
½ =
s
R2 ¡ (X ¡ c)2
(1 ¡ cX)2 ¡ c2R2: (67)
5 Construction of °ows around two sta-
tionary discs
We now have all of the tools that we need to construct general ir-
rotational °uid °ows around two stationary discs. The strategy is
straightforward : one chooses an F from (53), constructs WC and then
the complex potential WE = WC ±log±©¡1 on E. The associated °uid
velocity is ^ <(dWE).
The only remaining issues concern the values of the constants
fA0;Ar;mg in (44). The choice for the residue of ¹ v is easy because
the absolute value of circulation is preserved under conformal trans-
formations. Referring back to section 2.5, let ºU and ºV be the complex
velocity 1-forms associated with WU and WV,
ºV = dWV; (68)
ºU = dWU: (69)
Then
'
¤ºV = ºU (70)
and so Z
'±C
ºV =
Z
C
ºU (71)Hydrodynamic forces on two moving discs 171
over any closed 1-chain C on U. Therefore, if the orientations of '±C
and C are the same then each point vortex in U corresponds to a
unique point vortex in U with the same strength. If the orientations
are opposite then the strengths are opposite. Although ¯rst order
poles in ¹ vU on are in one-to-one correspondence to ¯rst order poles in
¹ vV on V, terms of orders other than ¡1 do not correspond in general.
5.1 A simple example
Referring back to (53), a trivial example of WC on the cell C follows
from the choice
F(z) = A0z (72)
and so, from (52),
WC(z) = (A0 ¡ ¹ A0)z
=
¡
2¼i
z
(73)
where ¡ = 2¼i(A0 ¡ ¹ A0) 2 R. The corresponding complex potential
on the annulus A is
WA(z) = log
¤ WC(z)
= WC(logz)
=
¡
2¼i
logz:
(74)
Pulling back WA to E with the inverse MÄ obius map ©¡1 yields
WE(z) = ©
¡1¤WA(z)
= WA
¡
©
¡1(z)
¢
=
¡
2¼i
log
µ
z1z ¡ 1
z ¡ z1
¶
=
¡
2¼i
[log(z ¡ 1=z1) ¡ log(z ¡ z1)] + :::
(75)172 D.A. Burton, J. Gratus, R.W. Tucker
where ::: indicates an irrelevant constant. The corresponding complex
velocity 1-form ºE is
ºE = dWE
=
¡
2¼i
·
1
z ¡ 1=z1
¡
1
z ¡ z1
¸
dz:
(76)
The °ow obtained in E is the same as that due to two point vortices
of opposite strength at z = z1 and z = 1=z1. We comment that the
velocity ¯eld V = ^ <(ºE) satis¯es the Navier-Stokes [2] equations and
the no-slip boundary condition at the boundaries of fD1;D2g if both
discs are spinning with angular velocities
­1 = ¡
¡
2¼
; (77)
­2 =
¡
2¼R2 (78)
respectively, where again R is the radius of D2.
5.2 Vortices and in°ows
The sort of F that is most useful to us has the form F = F1 +F2 +F3
where
F1(z) =
1
2
¡
2¼i
z (79)
F2(z) =
1
2
X
j
¡j
2¼i
log
µ1
¡
1
2i(z ¡ ³j)
¯
¯ i!
¼
¢
µ1
¡
1
2i(z + ¹ ³j)
¯
¯ i!
¼
¢ (80)
F3(z) = 2¹ U sinh³1
d
dz
logµ1
µ
1
2i
(z ¡ ³1)
¯
¯
¯
¯
i!
¼
¶
(81)
where ³1 = logz1. The motivation behind the judicious choice of
the constants in (79), (80) and (81) will become apparent shortly.Hydrodynamic forces on two moving discs 173
The total circulation term F1 is has already been discussed. F2 is
due to a set of point vortices of strength f¡jg at f³jg in C. The
correspondence between the locations f»jg of point vortices in E and
C is ³j = (log±©¡1)(»j). F3 becomes the contribution due to an in°ow
U in E after pulling back with log±©¡1. To demonstrate this note
that F3 has the principle part (see (43) and (44))
F3p(z) = 2¹ U sinh³1
1
z ¡ ³1
: (82)
It follows that near z = z1 in A
(F3 ± log)(z) = 2¹ U sinh³1
1
log(z) ¡ ³1
+ :::
= 2¹ U sinh³1
1
log(z=z1)
+ :::
= 2¹ U sinh³1
z1
z ¡ z1
+ :::
(83)
where ::: indicates terms that are regular as z ! z1. Thus
(F3 ± log±©
¡1)(z) = 2¹ U sinh³1
z1
z1z¡1
z¡z1 ¡ z1
+ :::
= 2¹ U sinh³1
z1(z ¡ z1)
z2
1 ¡ 1
+ :::
= ¹ Uz + :::
(84)
where z1 = e³1 has been used and ::: indicates terms that are regular
as jzj ! 1 in E. Similarly
(F
y
3 ± ¡log±©
¡1)(z) = 2U sinh³1
z1
z¡z1
z1z¡1 ¡ z1
+ :::
= ¹ Uz1 + :::
(85)174 D.A. Burton, J. Gratus, R.W. Tucker
and so
WE(z) = (F3 ± log±©
¡1)(z) + (F
y
3 ± ¡log±©
¡1)(z)
= ¹ Uz + :::
(86)
leading to the far-¯eld complex velocity 1-form
ºE = dWE
= ¹ Udz + :::
(87)
in E.
6 Representations of µ1
The choice of representation of µ1 depends on the application one has
in mind. Probably the most computationally e±cient representation
is [19]
µ1(z;q) = 2
1 X
n=0
(¡1)
nq
(n+1)2
sin
£
(2n + 1)z
¤
: (88)
The sum in (88) converges very quickly because of the n2 dependence
of the coe±cients. An alternative representation, which leads to an
expression for a °ow ¯eld on A that clearly exhibits its pole structure,
is [19]
µ1(z;q) = 2q
1=4 sinz
1 Y
n=1
(1 ¡ q
2n)(1 ¡ q
2ne
2iz)(1 ¡ q
2ne
¡2iz): (89)
The former is probably more useful for numerically calculating the
complex velocity at a point, whilst the latter is probably more useful
if the forces on the discs are to be analytically calculated.Hydrodynamic forces on two moving discs 175
In practice it is often simplest to work on the annulus A rather
than E. This is certainly true when calculating the forces on the discs.
Using (88) we note that
ª1(z) ´
1
p
z
1 X
n=0
(¡1)
n½
n(n+1)¡
z
n+1 ¡ z
¡n¢
= A1µ1
µ
logz
2i
¯
¯
¯
¯
i!
¼
¶ (90)
where ½ = e¡! is the inner radius of A as before and A1 is constant.
From (89) we also have
ª2(z) ´
µ
p
z ¡
1
p
z
¶ 1 Y
n=1
µ
z ¡ ½
2n
¶µ
1
z
¡ ½
2n
¶
= A2µ1
µ
logz
2i
¯
¯
¯
¯
i!
¼
¶ (91)
where A2 is constant. The complex potential WA on A stemming from
(79) to (81) is
WA(z) = G(z) + G
y(1=z) (92)
where G = G1 + G2 + G3,
G1(z) =
1
2
¡
2¼i
logz; (93)
G2(z) =
1
2
X
j
¡j
2¼i
log
ª(z=zj)
ª(¹ zjz)
; (94)
G3(z) = ¹ U(z1 ¡ 1=z1)z
d
dz
logª(z=z1) (95)
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6.1 The vortex contribution
Examination of (91) reveals that
ª(1=z) = ¡ª(z) (96)
and so, using (94) and (96),
G
y
2(1=z) = ¡
1
2
X
j
¡j
2¼i
log
ª(1=(¹ zjz))
ª(zj=z)
= ¡
1
2
X
j
¡j
2¼i
log
ª(¹ zjz)
ª(z=zj)
= G2(z):
(97)
Thus, the contribution to the complex potential from the vortices sim-
pli¯es to
WA2(z) =
X
j
¡j
2¼i
log
ª(z=zj)
ª(¹ zjz)
: (98)
If we use representation (90) for ª then the associated complex veloc-
ity is
¹ vA2 = v
y
A2(z) =
X
j
¡j
2¼i
µ
1
zj
¥0(z=zj)
¥(z=zj)
¡ ¹ zj
¥0(¹ zjz)
¥(¹ zjz)
¶
(99)
where
¥
0(z) ´
d
dz
¥(z) (100)
¥(z) =
1 X
n=0
(¡1)
n½
n(n+1)¡
z
n+1 ¡ z
¡n¢
: (101)
For example, to lowest order in ½
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and so
v
y
A2(z) =
X
j
¡j
2¼i
µ
1
z ¡ zj
¡
1
z ¡ 1=¹ zj
¶
+ O(½) (103)
which is the complex velocity due to a set of vortices inside the unit
circle.
6.2 The in°ow contribution
A nice result for the in°ow contribution to the complex velocity on
A follows when (91) is used to evaluate (95). It is straightforward to
show that
H(z) ´ z
d
dz
logª2(z)
=
1
2
z + 1
z ¡ 1
+
1 X
n=1
µ
z
z ¡ ½2n ¡
1
1 ¡ ½2nz
¶ (104)
from which follows the remarkably simple expression
H
0(z) ´
d
dz
H(z)
= ¡
1 X
n=¡1
½2n
(z ¡ ½2n)2:
(105)
Equation (105) can be used to show that
H
0(1=z) = z
2H
0(z): (106)
Using (95), (104) and (106) the complex velocity ¹ vA3, where
v
y
A3(z) =
d
dz
WA3(z); (107)
WA3(z) = G3(z) + G
y
3(1=z); (108)
has the form
¹ vA3 = v
y
A3(z) = ¹ U(1 ¡ 1=z
2
1)H
0(z=z1) + U(1 ¡ z
2
1)H
0(z1z): (109)178 D.A. Burton, J. Gratus, R.W. Tucker
6.3 The complex velocity on E
Once a complex velocity ¹ vA on A has been established the correspond-
ing complex velocity ¹ vE on E is
¹ vE = v
y
E(z) = v
y
A[©
¡1(z)]
d©¡1
dz
(z) (110)
7 Incorporating relative disc motion
So far, the boundary conditions imposed on the °uid velocity V are
suitable for discs fD1;D2g that are ¯xed with respect to a non-rotating
frame of reference. Now let D2 be translating relative to D1 with veloc-
ity U2 and let fC1:C2g be 1-chains with images fbD1;bD2g respectively.
The instantaneous no-though-°ow conditions at each disc are
C
¤
1 ? ~ V = 0; (111)
C
¤
2 ? (~ V ¡ ~ U2) = 0: (112)
We have discussed how to construct °ows that satisfy the no-through-
°ow condition at each disc and tend to uniformity at spatial in¯nity.
To incorporate a non-trivial boundary condition on D2 we need an
additional contribution to the complex potential discussed above. We
will use standard methods to solve Laplace's equation for a stream
function subject to the correct boundary conditions.
7.1 Conformal transformations and Laplace's equa-
tion
Let ÃE be a smooth scalar on E that is a stream function for V i.e.
?E ~ V = dÃE; (113)
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where ?E is the Hodge map on E associated with the metric gE. Ex-
pressed with respect to a cartesian chart f^ x; ^ yg on E the metric gE has
the form
gE = d^ x ­ d^ x + d^ y ­ d^ y: (115)
Let gA be the metric on A and fx;yg be a cartesian chart on A,
gA = dx ­ dx + dy ­ dy; (116)
with origin at the centre of A and let ©, as introduced earlier, have
the action ^ x + i^ y = ©(x + iy). For notational simplicity we will not
distinguish © and the associated map taking fx;yg to f^ x; ^ yg i.e. we
write
(^ x; ^ y) = ©(x;y)
´
¡
<[©(x + iy)];=[©(x + iy)]
¢ (117)
and so
(©
¤f)(x;y) = f
¡
<[©(x + iy)];=[©(x + iy)]
¢
(118)
for any scalar f on E. Let ?A be the Hodge map associated with gA.
That © is a conformal map means that locally
©
¤gE = ¸gA (119)
where ¸ is a scalar on A. Consequences of (119) are
©
¤ ?E 1 = ¸ ?A 1; (120)
©
¡1
¤ g
¡1
E =
1
¸
g
¡1
A ; (121)
from which it follows that for any 1-form ® on E
©
¤ ?E ® = ?A©
¤®: (122)180 D.A. Burton, J. Gratus, R.W. Tucker
Pulling back (114) to A with © yields
d ?A dÃA = 0; (123)
ÃA ´ ©
¤ÃE (124)
where ©¤d = d©¤ and (122) have been used. The boundary conditions
(111) and (112) written on A are
C
¤
A1dÃA = 0; (125)
C
¤
A2dÃA = C
¤
A2 ?A ©
¤ ~ U2 (126)
where CAj ´ ©¡1 ± CEj and the images of fCA1;CA2g and fCE1;CE2g
are the edges of the annulus A and the boundaries of the discs fD1;D2g
respectively. The boundary conditions are satis¯ed by the choices
C
¤
A1ÃA = 0 (127)
C
¤
A2ÃA = C
¤
A2Á + · (128)
where Á is a solution of
dÁ = ?A©
¤ ~ U2 (129)
and · is an (instantaneous) constant that will be chosen later.
7.2 Solutions to Laplace's equation on A
With respect to the chart f»;µg on A, which is related to fx;yg by
x + iy = e
»+iµ; (130)
equation (123) is
@2Ã
@»2 +
@2Ã
@µ2 = 0 (131)
where, for simplicity, the subscript A has been dropped. That (131)
is Laplace's equation written with respect to f»;µg follows from theHydrodynamic forces on two moving discs 181
previous section because the mapping (130) between fx;yg and f»;µg
can be interpreted as a conformal map from a rectangle in C to A.
Solutions to (131) can be formed out of linear combinations of products
of fcosh(n»);sinh(n»)g and fcos(nµ);sin(nµ)g where n 2 Z, n ¸ 0.
We choose
Ã(»;µ) =
1 X
n=1
sinh(n»)
sinh(n!)
£
an cos(nµ) + bn sin(nµ)
¤
(132)
because it automatically satis¯es the outer edge boundary condition
Ã(0;µ) = 0: (133)
Since
~ U2 = <(¹ ud^ z); (134)
where ^ z = ^ x + i^ y and u ´ d^ x(U2) + id^ y(U2) is the relative complex
velocity of D2 with respect to D1, it can be shown that
?E ~ U2 = =(¹ ud^ z)
= d
£
=(¹ u^ z)
¤
:
(135)
The ¯nal expression in (135) follows because u is (instantaneously)
constant. If follows from (135) that, using (122), a particular solution
to (129) is
Á(z) = =
£
¹ u©(z)
¤
(136)
and so the inner edge boundary condition (128) can be written
Ã(¡!;µ) = =
£
¹ u©
¡
e
¡!+iµ¢¤
+ ·: (137)
To match (132) to the boundary condition (137) we insert a Laurent
series for ©(z) into (137) valid for jz=z1j < 1 and equate Fourier
components. Using
1
1 ¡ z
=
1 X
n=0
z
n; jzj < 1 (138)182 D.A. Burton, J. Gratus, R.W. Tucker
it can be shown that
©(z) =
z1z ¡ 1
z ¡ z1
=
1
z1
+
1 X
n=1
µ
1
zn+1
1
¡
1
zn¡1
1
¶
z
n; jz=z1j < 1
(139)
and we ¯nd
Ã(¡!;µ) = ¡
1 X
n=1
2sinh³1e
¡n(!+³1)=
¡
¹ ue
inµ¢
+ · + :::
= ¡
1 X
n=1
2sinh³1e
¡n(!+³1)£
<(u)sin(nµ) ¡ =(u)cos(nµ)
¤
+ · + :::
(140)
where z1 = e³1 and ::: indicates terms that are independent of µ
and can be eliminated by judiciously choosing ·. Evaluating (132) at
» = ¡! gives
Ã(¡!;µ) = ¡
1 X
n=1
£
an cos(nµ) + bn sin(nµ)
¤
(141)
which on comparison with (140) yields
an = ¡2sinh³1=(u)e
¡n(!+³1); (142)
bn = 2sinh³1<(u)e
¡n(!+³1) (143)
and so
Ã(»;µ) = 2sinh³1
1 X
n=1
sinh(n»)
sinh(n!)
e
¡n(!+³1)=
¡
¹ ue
inµ¢
: (144)Hydrodynamic forces on two moving discs 183
Written in terms of z and z1, where z = e»+iµ, the above expression
has the form
Ã(»;µ) = (z1¡1=z1)
1 X
n=1
µ
½
z1
¶n ½n
1 ¡ ½2n=(¹ uz
n+uz
¡n)
¯
¯
¯
¯
z=e»+iµ
(145)
and so we introduce an additional contribution to the complex poten-
tial WA
WA4(z) = (z1 ¡ 1=z1)
1 X
n=1
µ
½
z1
¶n ½n
1 ¡ ½2n(¹ uz
n + uz
¡n) (146)
which, by inspection, is analytic on A. The corresponding complex
velocity is
¹ vA4 = v
y
A4(z) = (z1 ¡ 1=z1)
1 X
n=1
µ
½
z1
¶n ½n
1 ¡ ½2nn(¹ uz
n¡1 ¡ uz
¡n¡1):
(147)
8 Transformation to an inertial frame of
reference
So far we have discussed how to construct arbitrary irrotational and
incompressible °uid °ows around two discs fD1;D2g on C where D1
has unit radius and is centred at the origin and D2 has radius R and
is centred on the real axis. The complex velocity ¹ vE consists of four
contributions due to overall circulation, any number of vortices, an
in°ow and the relative velocity of the discs,
¹ vE = ¹ vE1 + ¹ vE2 + ¹ vE3 + ¹ vE4; (148)
¹ vEj = v
y
Aj[©
¡1(z)]
d©¡1
dz
(z); (149)184 D.A. Burton, J. Gratus, R.W. Tucker
where fv
y
A2;v
y
A3;v
y
A4g are given by (99), (109), (147) and
¹ vA1 = v
y
A1(z) =
¡
2¼i
1
z
: (150)
Our calculation remains valid for an arbitrary con¯guration of two
moving rigid discs at an instant if we interpret ¹ vE as the complex
°uid velocity with respect to an appropriately scaled inertial frame
of reference that is centred at one of the discs. Let Z
]
1;Z
]
2 2 C be
the instantaneous centres of two circular discs of radii R1;R2 2 R
with respect to an arbitrary inertial frame O. Let u
]
1;u
]
2 2 C be
their instantaneous complex velocities with respect to O and let z] =
x]+iy] 2 C be the instantaneous position of any point in the °uid with
respect to O. The coordinate z] is related to the hatted coordinate
system f^ x; ^ yg by
^ z =
z] ¡ Z
]
1
R1
e
¡iÁ (151)
where
Á = Arg(Z
]
2 ¡ Z
]
1) (152)
and so the locations fzjg of vortices in A are related to those with
respect to O by
zj = ©
¡1(^ zj); (153)
^ zj =
z
]
j ¡ Z
]
1
R1
e
¡iÁ: (154)
The complex (conjugate) °uid velocity ¹ v] with respect to O is
¹ v
] = v
]y(z
]) = R1e
¡iÁv
y
E(^ z) + ¹ u
]
1; (155)
the relative disc complex (conjugate) velocity ¹ u is
¹ u =
¹ u
]
2 ¡ ¹ u
]
1
R1
e
iÁ (156)Hydrodynamic forces on two moving discs 185
and
R =
R2
R1
: (157)
The °uid velocity vector ¯eld with respect to O is
V
] = ^ <(¹ v]dz]) (158)
where the metric dual is taken with respect to
g
] = dx
] ­ dx
] + dy
] ­ dy
]: (159)
9 Summary
We have presented a method for constructing arbitrary irrotational
°uid °ows around two arbitrarily translating circular discs of arbi-
trary location and size. Once ¹ vE has been chosen the velocity ¯eld
V ] can be calculated and (26) used to obtain the Killing drives on
the boundaries of the discs. The expression for ¹ vE contains the ¯rst
Jacobi theta function which can be represented in di®erent ways de-
pending on whether or not its pole structure is to be exhibited. If the
explicit pole structure of ¹ vE is not necessary then a faster converging
representation can be used.
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Hidrodinami· cke sile na dva pokretna diska
UDK 514.7, 532.59
U radu se daje detaljna prezentacija jednog prilagodljivog metoda
za konstrukciju eksplicitnih izraza za irotaciona i nesti· sljiva °uidna
te· cenja oko dva kruta pokretna kru· zna diska. Takodje se diskutuje
kako takvi izrazi mogu da se iskoriste za izra· cunavanje °uidom iza-
zvanih sila i spregova na diskove pomo¶ cu Kilingovih diskova. Za-
tim se Mebijusovom transformacijom koriste¶ ci tehniku konformnog
preslikavanja izvodi identi¯kacija meromorfne funkcije na anularnoj
oblasti u C sa te· cenjem oko dva kru· zna diska. Ovde polovi prvog reda
odgovaraju vrtlozima van diskova. Te· cenja ka unutra· snjosti se uzi-
maju u obzir postavljanjem pola drugog reda u anulus koji odgovara
beskona· cnosti.